Abstract. In this paper we prove a general theorem concerning the number of translation classes of curves of genus g belonging to a fixed cohomology class in a polarized abelian variety of dimension g. For g = 2 we recover results of Göttsche and Bryan-Leung. For g = 3 we deduce explicit numbers for these classes.
Introduction.
Let (A, L) be a polarized abelian variety of dimension g and of type (d 1 , . . . , d g ) over the field C of complex numbers. Two curves, C 1 and C 2 in A are called equivalent, if there is an x ∈ A such that C 1 = t x C 2 . Here t x : A → A denotes the translation by x. We call a class of equivalent curves in A a translation class of curves. Equivalent curves in A define the same cohomology class in H 2g−2 (A, Z). Let r ∈ Q, r > 0 such that the cohomology class r g−1 c 1 (L) is contained in H 2g−2 (A, Z). It is easy to see that the number of translation classes of irreducible reduced curves of genus g in the class r g−1 c 1 (L) is finite. The problem is to compute this number.
In the case of an abelian surface this problem is equivalent to computing the number of curves of genus 2 in a linear system |L|. In fact, if L is of type (d 1 , d 2 ), then |L| contains exactly d 2 1 · d 2 2 curves which are equivalent to a given curve of genus 2. The number of curves of genus 2 in |L| has been computed in the special case of a simple abelian surface of type (1, d) by Göttsche and Debarre in [G] and [D] and finally by Bryan and Leung in [BrL] , applying intersection cohomology methods.
In this paper we prove a general theorem (Theorem 2.1) expressing the number of equivalence classes of curves of genus g in the class r g−1 c 1 (L) ∈ H 2g−2 (A, Z) in terms of maximal isotropic subgroups of Jacobian type of a finite symplectic space associated to L. For the definitions see Section 2. In dimension g ≥ 4 it is difficult to decide whether a given maximal isotropic subgroup is of Jacobian type. However any maximal isotropic subgroup of a simple abelian variety of dimension 2 and 3 is of Jacobian type. For these abelian varieties the theorem can be applied to actually compute the number of translation classes of curves in a fixed cohomology class. For abelian surfaces we obtain the results of Göttsche, Debarre and Bryan-Leung in a slightly more general form. The main application of the theorem is dimension 3, where we compute the number of translation classes of curves of genus 3 for any minimal cohomology class in H 4 (A, Z) and any simple abelian threefold. It would be interesting to find generating functions for these numbers.
We would like to thank the referee for suggesting some improvements in the proof of 2. Statements of the results.
First we recall some preliminaries. By a curve we will always mean a complete reduced irreducible curve. By its genus we understand its geometric genus, i.e. the genus of its normalization. A polarization on an abelian variety A is by definition the first Chern class of an ample line bundle L on A. By abuse of notation we denote the polarization by L instead of c 1 (L) and consider it as a line bundle. For any polarization L on A the group K(L) is defined to be the kernel of the isogeny
so that one can speak of totally isotropic subgroups of K(L) which we will shortly call isotropic subgroups. According to [CAV] , Corollary 6.3.5 there is a canonical bijection between the sets of (i) maximal isotropic subgroups of K(L) and
We call a maximal isotropic subgroup of Jacobian type if the associated principally polarized abelian variety (B, M) is the Jacobian of a smooth projective curve. For any polarization L on A there is a unique dual polarization L on the dual abelian variety A, characterized by the following 2 equivalent properties (see [BL] ).
Here "≈" denotes algebraic equivalence. The polarization L is of type d 1 ,
The main result of the paper is the following theorem:
There is a canonical bijection between the sets of (1) translation classes of curves of genus g in the class r g−1 c 1 (L).
Here for g = 2 the empty product d 2 · · · d g−1 is considered to be equal to 1.
Note that, since a general abelian variety of dimension ≥ 4 is not isogenous to a Jacobian, for such an (A, L) the cardinalities of the sets (1) and (2) of the theorem are both equal to 0. In particular, a generic polarized abelian variety of dimension g ≥ 4 does not contain any curve of genus g. On the other hand it is difficult to decide whether a given of the theorem is for abelian varieties of dimensions 2 and 3.
It is well known (see e.g. [CAV] , Corollary 11.8.2) that any simple principally polarized abelian variety of dimension 2 or 3 is the Jacobian of a nonsingular curve. Hence for g = 2 and 3 any maximal isotropic subgroup of a simple abelian variety is of Jacobian type. So in these cases we can be more precise.
Proof. It remains to show that the number of curves in |L| equivalent to a given curve C ∈ |L| of genus 2 is d
, it suffices to show that t * x C = C for any x ∈ A, x = 0. But if t * x C = C, then t * x has to map the finite set of singularities of C into itself. This is impossible for x = 0, if we replace C by a suitable translate. In fact, replacing C by t * x 0 C for a general x 0 , we obtain the identity
C with x − x 0 not a division point and such a translation t x−x 0 cannot stabilize a finite set of points.
2 together with the standard symplectic form e :
otherwise.
The number of translation classes of curves of genus 3 in the class r 2 c 1 (L) for some r ∈ Q, r > 0 is equal to the number of maximal isotropic subgroups of
In particular the number of equivalence classes of curves of genus 3 in
equal to the number of maximal isotropic subgroups of K
then there is exactly one class of curves of genus 3 in the class 1 2d 2 2 c 1 (L).
Proof of the theorem.
We need some preliminaries. Let (A, L) be a polarized abelian variety of dimension g and C a curve of genus g in A generating A. Then we have the following diagram
where ν denotes the normalization map, J the Jacobian of C, and f the homomorphism induced by the composed map C ν → C ֒ → A. Note that f is an isogeny, since C is of genus g and C generates A as an abelian variety. Let M denote a line bundle on J defining the canonical principal polarization on J.
Lemma 3.1: For any e ∈ N the following statements are equivalent:
Here ≡ denotes numerical equivalence and the degree of L is defined as deg
where we identify J = J under the isomorphism
For the proof note that being an isogeny f :
which in turn is equivalent to (3).
Recall from [CAV] Section 5.4 that for any cycles V and W of complementary dimensions one defines an endomorphism δ(V, W ) of A by
r i x i as a zero-cycle. Moreover δ(V, W ) depends only on the algebraic equivalence classes of V and W . In particular δ(C, L) is a well defined endomorphism of A. Now assume (3) holds. Then
by [CAV] , Prop. 5.4.7
Since L is an ample line bundle this implies using [CAV] , Theorem 11.6.4 that C is homological equivalence coincide on an abelian variety.
according to a theorem of Matsusaka (see [M] ). But as above δ(C, L) = −ff φ L and (3), which completes the proof of Lemma 3.1.
Proof. The polarization M being principal, we may identify B = B such that
Hence
Since g is an isogeny, this gives
On the other hand
Proof of Theorem 2.1: Let C be a curve of genus g in the class
and the following diagram commutes
Hence 2 This implies
Hence the isogenyf corresponds to a maximal isotropic subgroup in K L r(g−1)!d 2 ···dg of Jacobian type. It is clear that equivalent curves lead to the same maximal isotropic subgroup.
Conversely let K be a maximal isotropic subgroup of K( L r(g−1)!d 2 ···d g−1 ) of Jacobian type. Then there is an isogenyf :
is the Jacobian of a smooth curve C of genus g. Let f : J → A denote the dual isogeny off . Then C := f ( C) is a curve of genus g on A and f | C : C → C is birational, since C generates the abelian variety A. We have to show that C is in the class
In particular we have
So Lemma 3.2 applied to g =f yields
On the other hand f | C : C → C is birational, which gives
But for an isogeny f * is injective on cohomology, implying
It is easy to see that both maps are inverse to each other.
Maximal isotropic subgroups.
Suppose d 1 , ..., d g are positive integers with d i |d i+1 for i = 1, ..., g−1 and let
denote the finite group with the standard symplectic form e( . , . ) of Section 2. Recall that a subgroup where Sym g (p) denotes the additive group of symmetric g × g-matrices over F p . This implies
(by [H] , II, Hilfssatz 6.2 and Satz 9.13).
(p i + 1).
